The Kondo effect is a universal phenomena observed in a variety of fermion systems containing a heavy impurity particle whose interaction is governed by the non-Abelian interaction. At extremely high density, I study the Kondo effect by color exchange in quark matter containing a single heavy (charm or bottom) quark as an impurity particle. To obtain the ground state with the Kondo effect, I introduce the condensate mixing the light quark and the heavy quark (Kondo cloud) in the mean-field approximation. I estimate the energy gain by formation of the Kondo cloud, and present that the Kondo cloud exhibits the resonant structure. I also evaluate the scattering cross section for the light quark and the heavy quark, and discuss its effect to the finite size quark matter.
I. INTRODUCTION
Heavy (charm or bottom) quarks, whose dynamics is governed by Quantum Chromodynamics (QCD), are useful tools to investigate the properties of nuclear and quark matter. It is considered that the dynamics of the heavy quarks are hardly affected by light quarks, and the heavyquark symmetry for heavy flavor and spin makes the dynamics simple; therefore they enable us to carry out a systematic analysis of the structures and reaction processes [1, 2] . However, the situation may not be so simple when heavy quarks exist in medium at low temperature and high density. In condensed matter physics, it is known that the medium properties can be changed significantly once the system is contaminated with impurities. For instance, the Kondo effect occurs when a small number of impurity particles are injected into the system, and it changes the thermodynamic and transport properties [3] [4] [5] . In this paper, I study the Kondo effect in quark matter at low temperature and high density, which is called the QCD Kondo effect [6] [7] [8] . The research on the QCD Kondo effect has had positive spin-offs so far: the Kondo effect in strong magnetic field [9] and in the color superconductivity [10] , the Fermi/non-Fermi liquid properties in multi-channel Kondo effect [11] , and non-trivial topological properties of heavy quark spin in ground state [12] . Also, it has been argued that one can analyze the information about high density matter, given the fact that heavy quarks can be produced in interior cores of neutron stars [8] or in heavy ion collisions at low energy in accelerator facilities such as GSI-FAIR [13] and J-PARC.
In the 1960s, J. Kondo established the theoretical foundations for the effect in order to explain why the electric resistance of a metal containing a small amount of magnetic (spin) impurities behaved with a logarithmical enhancement at low temperatures. His research indicated that the spin-exchange (non-Abelian) interaction between the conducting electron and the spin impuri- * yasuis@th.phys.titech.ac.jp ties led to the situation where the coupling constant got stronger and the Landau pole appeared [14] . The emergence of the pole was closely related to not only the non-Abelian interaction but also the Fermi surface (degenerate states) and the loop effect (virtual creation of particle-hole pairs). So far, many theoretical methods to study the Kondo effect have been developed [3] [4] [5] , and nowadays it is thought that the Kondo effect provides a direct insight into strong coupling mechanisms in condensed matter systems [15] [16] [17] [18] [19] [20] [21] .
The Kondo effect can appear in the nuclear/quark matter containing heavy impurity particles (i.e. heavy hadrons/quarks); their energy scales are not comparable to that of the Kondo effect which involves the system of electrons. Several types of non-Abelian interactions are used for the strong interaction: the spin exchange with SU(2) symmetry and the isospin exchange with SU(2) symmetry in nuclear matter [6, 22, 23] [24]; color exchange with SU(3) symmetry in quark matter [6] [7] [8] [9] [10] [11] . The Fermi surface and the loop effect naturally appear in nuclear/quark matter at low temperatures; these conditions seem to be favorable for the QCD Kondo effect to occur.
The enhancement of the interaction by the Kondo effect will cause changes in thermodynamic properties and transport properties in nuclear/quark matter. Thus, the Kondo effect provides us with a tool to study (i) heavyhadron-nucleon (heavy-quark-light-quark) interaction, (ii) modification of impurity properties by medium and (iii) change of nuclear/quark matter by impurity effect (cf. Ref. [25] ).
So far, the QCD Kondo effect has been studied within the framework of perturbation, but the approach becomes invalid at low energy scales (the Kondo scale) [6, 7, 9] . Likewise the Landau pole appears in the scattering amplitude on Fermi surface at low temperatures, as the origin of Fermi instability which is known in superconductivity. Below the Kondo scale, all the physical quantities have their poles, and so meaningful results cannot be obtained (see Refs. [3] [4] [5] ). Thus, the non-perturbative approach should be used to investigate their low-energy behaviors in terms of the QCD Kondo effect.
Recent studies dealt with this issue by using a non-perturbative approach and the mean-field approximation [8, 10] [26]. The mean-field approach is simple, but it gives us a general understanding of the Kondo effect, as it does in condensed matter physics [27] [28] [29] [30] [31] [32] [33] [34]. The use of the mean-field approach can be justified, because it gives the results consistent with the exact solutions in ground state in large N for SU(N ) symmetry in non-Abelian interaction term [30] . In Refs. [8, 10] , an infinitely extended matter state of heavy quarks was considered under the assumption that the number of the heavy quarks was infinite. But those studies did not cover the situation where a single heavy quark could exist in quark matter which may be realized in heavy ion collisions at low energy. In the present paper, I consider the system where there is a single heavy quark in quark matter, and use the meanfield approach to study its ground state. I call an attention that the big difference between the previous studies and the present one is that in the latter, the existence of the heavy quark breaks the translational symmetry of the system, because the single heavy quark behaves like a point defect in quark matter.
In the mean-field approach, I define the Kondo cloud by the condensate of a light quark with a heavy quark, i.e. the light-hole-heavy -quark condensate and the lightquark-heavy-antiquark condensate in the color singlet channel [8] . The formation of the condensate makes the system stable. The previous study [8] , involving color current interaction between the two quarks, showed that the Kondo effect occurs on quark matter at low temperatures and high densities under the assumption that heavy quarks were uniformly distributed in space. In the present paper, considering a single heavy quark in quark matter, I demonstrate that the Kondo cloud emerges as the resonant state.
The paper consists of six sections. In section II, I introduce the color current interaction for a light quark and a heavy quark. Section III gives a brief description of the perturbation approach to a scattering of a light quark and a heavy quark, and shows that the approach becomes invalid at low energy scales. In section IV, I use the mean-field approach to investigate the Kondo cloud for a single heavy quark. Section V presents the numerical results of the cross section of the scattering of the light quark and the heavy quark in the Kondo cloud, and discuss the effects on transport property of quark matter under the influence of the Kondo cloud. The final section is devoted to the conclusion.
II. COLOR CURRENT INTERACTION
The interaction between the light quark (ψ) and the heavy quark (Ψ) is supplied by the gluon-exchange in QCD. To simplify the discussion, I use the contact interaction with zero range instead of the gluon-exchange interaction with finite range [35] [36] [37] [38] . The essence of the discussion does not change for the QCD Kondo effect, as long as color (non-Abelian) exchange is maintained in the interaction [7] . For the simple setting, I regard the light quark mass zero, and regard the heavy quark mass infinity large. As for the heavy quark, following the heavyquark symmetry [1, 2] , I consider the v-frame in which the heavy quark is at rest, and separate the heavy quark momentum as p µ = m Q v µ + k µ for the heavy quark mass m Q , where m Q v µ is the on-mass-shell part (v µ the fourvelocity with v µ v µ = 1) and the off-mass-shell part k µ whose scale is much smaller than m Q . Correspondingly, I define the heavy quark effective field Ψ v = 1+v / 2 e im Q v·x Ψ by factorizing out the on-mass-shell part and leaving only the off-mass-shell part in the original field Ψ [1, 2] . Noticē
Based on the above setup, I give the Lagrangian
with ψ = (ψ 1 , . . . , ψ N f ) t for the light flavor number N f . I will set N f = 2 in numerical calculation. In the right hand side, the first and second terms represent the kinetic terms for light and heavy quarks, respectively, with µ the chemical potential for light quarks. The third term is the interaction term with the coupling constant G c > 0.
are generators of color SU(N c ) group with λ a the Gell-Mann matrices. This color exchange interaction mimics the one-gluon exchange interaction. It was shown that the one-gluon exchange interaction between a light quark and a heavy quark is screened by the Debye mass in finite-density medium, and that it leads to the short-range interaction [7] . In the followings, I set v µ = (1, 0) as a static frame.
III. PERTURBATIVE TREATMENT OF SCATTERING
Based on Eq. (1), let us investigate how the interaction strength can be changed by medium effect in quark matter. When a heavy quark exists as an impurity particle, it can be dressed by virtual pairs of light quark and hole near the Fermi surface. Due to those pairs, the interaction strength G c in Eq. (1) can be modified from the value in vacuum. I use the renormalization group method to estimate the value of the G c in medium. Such analysis is known as the so called "poor man's scaling" as an early application of renormalization group to the Kondo effect [39] . This method was also applied to the QCD Kondo effect with one-gluon exchange interaction [7] . The following derivation essentially obeys the description in Ref. [7] .
I consider the scattering process of a light quark q and a heavy quark Q, q l (p) + Q j → q k (p ) + Q i , where p and p are in-coming and out-going four-momenta, and the subscripts i, j, k, l = 1, . . . , N c stand for the color indices. I consider that the interaction strength G c depends on the energy scale below or above the Fermi surface, and hence it is denoted by G c (Λ) for given energy scale Λ, which is measured from the Fermi surface. The renormalization group equation leads to the relationship between G c (Λ − dΛ) for lower scale Λ − dΛ and G c (Λ) for higher scale Λ, where dΛ > 0 is an infinitely small quantity. The difference between G c (Λ − dΛ) and G c (Λ) is given by the loop diagram with momentum integration in the small shell region between Λ − dΛ and Λ.
When I set v µ = (1, 0) in Eq. (1), I obtain the scattering amplitude at tree level,
at certain energy scale Λ, where I define T kl,ij = Nc a=1 (T a ) kl (T a ) ij following the notation in Ref. [7] . I can similarly introduce the scattering amplitude
at lower energy scale Λ − dΛ. Now, as shown in Fig. 1 , I consider the scattering amplitude with one-loop where the momentum integration is supplied between Λ − dΛ and Λ. This is given by a sum of particle-propagating diagram and hole-propagating diagram, as
Notice that the region of momentum integrals is limited to [−Λ, −(Λ − dΛ)] and [Λ − dΛ, Λ] below and above the Fermi surface, as shown in Fig. 2 . I define the propagator for a light quark with four-momentum q µ = (q 0 , q) in matter
with a chemical potential µ and an infinitely small and positive number ε. The color matrices T p lk,ij for the particle-propagating diagram and T h lk,ij for the holepropagating diagram are defined by
and
Notice the second term in each of Eqs. (6) and (7) represents the non-Abelian property in the interaction. Considering the finite density part, I obtain the renormalization group equation, M (1)
Λ−dΛ,Λ , which can be given by
for G c (Λ). I suppose the value for G c (Λ 0 ) at the initial energy scale Λ 0 which is much far from Fermi surface is almost same with the value in vacuum; G c (Λ 0 ) = G c . This assumption would be justified because the medium effect should be turned off away from the Fermi surface. Then, from Eq. (8), I obtain the Λ-dependence of G c (Λ)
at the energy scale Λ. However, the above solution cannot reach the low energy limit Λ = 0. This is because the value of G c (Λ) becomes divergent below the low energy scale Λ K ( Λ 0 ), where Λ K is defined by
This is the Landau pole in the infrared energy region [40] . It indicates that the perturbation theory cannot be applied for smaller energy scale Λ < Λ K . As a result, I cannot obtain the effective coupling strength which includes fully the virtual particle-hole pairs at the Fermi surface. Hence, it is impossible for us to calculate the scattering cross section of a light quark and a heavy quark in ground state. To solve this difficulty, I need to rely on non-perturbative treatment for the Kondo effect, as discussed in the next section.
IV. KONDO CLOUD FOR HEAVY QUARK A. Color singlet channel
As the non-perturbative treatment, I consider the mean-field approximation. For this purpose, first of all, I introduce a condition that the number density of the heavy quark is concentrated at the position x = 0,
This condition can be accounted naturally by modifying the Lagrangian (1) as
where the parameter λ is introduced as the Lagrange multiplier. For applying the mean-field approximation, I adopt the Fierz transformation [41] , and rewrite the interaction term as a sum of
for each light flavor = 1, . . . , N f including the sign by interchanging two fermion fields. I neglect however the latter term because it is irrelevant to the color exchange. For the former term, I perform the mean-field approximation as
for the mean-field ψ α Ψ δ , whose value is obtained by the self-consistent calculation or by minimizing the total energy [42] . I define the gap function
in which the Dirac indices δ, α can be factorized, so that ∆
(1 −k ·γ)) δα withk = k/|k| for threemomentum of the light quark k. I introduce the complex scalar quantity ∆ 1 to measure the size of the gap function. I set ∆ 1 = ∆ 1 for all by assuming the light flavor symmetry. In the mean-field approximation, the Lagrangian is simplified to the bilinear form of (ψ, Ψ v ), and hence the energy eigenvalues of the system can be calculated straightforwardly. As a result, I obtain the total energy (thermodynamic potential) Ω 1 (λ, ∆ 1 ) as a function of λ and ∆ 1 , whose values are determined by the stationary condition for Ω 1 (λ, ∆ 1 ):
The thermodynamic potential of the heavy quark is
with β = 1/T , the inverse temperature, where ρ 1 (ω) is the density-of-state of the heavy quark
as a function of the energy ω measured from the Fermi surface with ω + = ω + iη for η an infinitely small and positive number. The coefficient 2N c in the integral in Eq. (18) represents the number of degrees of freedom of heavy quark, spin and color, and V is the volume of the system. The derivation of Eq. (19) is presented in Appendix A. Notice that the sum for k in Eq. (19) is taken over all momenta with different sizes and directions, and it represents the coherent sum of the light quarks which couple to the heavy quark. This reflects the non-conservation of the light quark three-momenta in scattering by the impurity particle. I calculate the thermodynamic potential (18) in the following. I introduce the cutoff parameter Λ in the ω-integral, and restrict the integral range to [−Λ, Λ] around the Fermi surface. This procedure is necessary for normalizing the integral due to the zero-range interaction in the present Lagrangian. Considering zero temperature as low-temperature limit (β → ∞), I find that Eq. (18) can be represented by a simple form
with the approximation
in Eq. (19) by neglecting the real part and leaving the imaginary part only. Then, Eq. (19) becomes
which represents the resonant state by Lorentzian with energy position ω = λ and width Γ 1 = 2δ 1 . This resonance is called the Kondo cloud. It can be regarded as a composite state of the light quark and the heavy quark because of the mixing effect by δ 1 (or ∆ 1 ). From the stationary condition for Ω 0 1 (λ, ∆ 1 ), I obtain δ 1 and λ as
and λ = δ 1 / tan(π/2N c ). By substituting them to Eq. (20), I obtain the thermodynamic potential in the ground state. This is the energy gain by formation of the Kondo cloud.
For the numerical estimate, I use the coupling constant and cutoff parameter, G c = (9/2)2.0/Λ 2 and Λ = 0.65 GeV, in the color current interaction in Eq. (1). Those numbers are fixed to reproduce the chiral condensate and the pion decay constant in vacuum by the Nambu-JonaLasinio (NJL) interaction [43, 44] , which is obtained by the Fierz transformation from the color current interaction [35] [36] [37] [38] 
B. Color anti-triplet channel
Instead of the color singlet channel, I may consider the color non-singlet channel. I investigate the color antitriplet Kondo cloud, i.e. the light-particle-heavy-quark condensate and the light-hole-heavy-antiquark condensate, as an attractive channel in the interaction in Eq. (1). Adopting the Fierz transformation [45] , I consider the color anti-triplet channel
for each light flavor = 1, . . . , N f . The other antisymmetric terms with λ 5 and λ 7 can be changed to the one with λ 2 by unitary transformation. I apply the meanfield approximation as
including the sign by interchanging two fermion fields. I define the gap function
in which the Dirac indices δ, α can be factorized, so that ∆3 γα = ∆3 ( 1+γ0 2 (1 −k · γ)) γα with the complex scalar quantity ∆3 . I set ∆3 = ∆3 for all by the light flavor symmetry. I notice that the color symmetry is broken from SU(N c ) to SU(N c −1). This is analogous to the twoflavor diquark condensate in color superconductivity [46] [47] [48] [49] .
where the density-of-state of the heavy quark is given by
and ρ 3 (ω) = − 1 π Im ∂ ∂ω ln(ω + − λ). The ρ3(ω) is the heavy quark state which couples to the light quarks, and the ρ 3 (ω) is the one which does not couple. In Eq. (28), there are the coefficients by spin and color, 4 for ρ3(ω) (e.g. red, green for color SU(2) symmetry) and 2(N c − 2) for ρ 3 (ω).
Similarly to the color singlet case, I restrict the ω-integral range to [−Λ, Λ] in Eq. (28) . Considering the zero temperature (β → ∞), I obtain the simple form
for Eq. (28) with the approximation
in Eq. (29) . By the stationary condition for Ω 0 3 , I obtain δ3 and λ as and λ = δ3. By substituting them to Eq. (30), I obtain the thermodynamic potential
in the ground state. Adopting the same parameter values used in the color singlet case, I obtain the numerical results of δ3 and Ω It is an interesting problem to ask which channel of the Kondo cloud is realized in the ground state, the color singlet or the color anti-triplet. In Fig. 3, I find that the size of the color singlet gap δ 1 (or |∆ 1 |) is larger than that of the color anti-triplet gap δ3 (or |∆3|). It indicates that the mixing strength of the light-hole-heavyquark (or the light-particle-heavy-antiquark) in the color singlet channel is stronger than that of the light-quarkheavy-quark (or the light-hole-heavy-antiquark) in the color anti-triplet channel. This is seen also in the stability of the Kondo cloud. In Fig. 3 , the thermodynamic potential of the color singlet Kondo cloud is lower than that of the color anti-triplet Kondo cloud, and hence the former is realized in the ground state.
The above conclusion is consistent with what is expected in the large N c limit. In this limit, generally, the color singlet condensate survives, while the color nonsinglet condensate vanishes [50] . In fact, by comparing Eq. (23) to Eq. (32), I find that the latter is suppressed by the small factor ∼ e −Nc against the former in the 't Hooft limit, i.e. taking the large N c limit by keeping g 2 N c ∼ G c N c unchanged for the quark-gluon coupling constant g [50] . Hence, I confirm that the color singlet channel is more dominant than the color anti-triplet one.
V. CROSS SECTION
The Kondo cloud affects the scattering of the light quark by the heavy quark. For the color singlet Kondo cloud, I calculate the cross section and estimate the mean-free path in the quark matter.
The phase shift of the scattering is given by
The scattering amplitude is
with momentum k = µ + ω, and the cross section is σ(ω) = 4π|f (ω)| 2 . The numerical results are shown in Fig. 4 . The resonance structure which represents the Kondo cloud can be seen clearly. In low-temperature limit, the quarks with ω 0 GeV on the Fermi surface dominantly contributes to the scattering process. The cross section at ω = 0 GeV is presented in Fig. 4 . The value of σ(0) ranges from 13.6 mb to 4.2 mb for µ = 0.3 − 0.5 GeV.
It may be interesting to compare the obtained cross section with the cross section estimated in perturbative QCD at finite density. I consider the one-gluon exchange with dynamical screening mass m D gµ with a coupling constant g for the quark-gluon vertex and quark chemical potential µ. Using the running coupling constant (e.g. one-loop order) at energy scale µ, I find that the cross section in one-gluon exchange σ pQCD is much smaller than the values obtained by the Kondo cloud, though a precise estimate is out of scope of the present work.
Transport coefficients are one of the most important quantities for study of the Kondo effect in experiments. The quark matter at low temperature and high baryon number density may be produced in heavy ion collisions at low energy in GSI-FIAR and possibly in J-PARC. There, the transport coefficients will be reflected in fluid dynamics such as elliptic flow v 2 , nuclear suppression factor R AA and so on. Here, I will leave a discussion about possible enhancement of the transport coefficients by the Kondo cloud. Under the influence of the Kondo cloud, the cross section of the scattering of a heavy quark and a light quark σ is much larger than the cross section by pQCD σ pQCD . Hence, it is naively expected that the transport coefficients can be changed by the large factor σ/σ pQCD 1. As an analogous situation, the transport coefficients in quark-gluon plasma at high temperature are affected by the resonant states in medium [51, 52] . The similar phenomena can occur for the Kondo cloud as a resonance state.
Based on the estimated cross section, I evaluate the mean-free-path τ (σ n q /N f ) −1 with n q = µ 3 /π the number density of light quarks including the factor of spin, light flavor and color. Notice that the number density per one flavor (n q /N f ) contributes, because the coherent sum is taken for the light flavor (cf. Eq. (19)). As a result, I obtain τ 1.3 − 0.91 fm for µ = 0.3 − 0.5 GeV. Those values are comparable with the mean-distance of a light quark, q n −1/3 q = 0.96 − 0.58 fm for µ = 0.3 − 0.5 GeV. The mean-free-path provided by the Kondo cloud gives us an important hint to study the Kondo effect in heavy ion collisions in accelerator facilities. The spatial size of the quark matter, that can be produced in relativistic heavy ion collisions, would be the same order as the initial nucleus size. The obtained value of τ would be smaller than the size of the quark matter, hence the Kondo cloud can affect the properties of the finite size quark matter in experiments.
VI. CONCLUSION
I consider the Kondo effect in the quark matter containing a single heavy quark, and investigate the Kondo cloud as the condensate of the light quark and the heavy quark in the ground state. In the present analysis, I introduce the energy spectral function by considering the violation of the translational invariance of the system. This formalism is different from the one used in Ref. [8] , where translational invariance was maintained due to the existence of matter state of heavy quarks. I conclude that the color singlet Kondo cloud is realized, where the Kondo cloud is represented by the resonant state and the spectral function is given by the Lorentzian form. As a study for application, I estimate the cross section for scattering of a light quark and a heavy quark by the Kondo cloud, and discuss the possible modification in transport property in quark matter.
To investigate the Kondo effect in quark matter is an interesting topics for future experimental studies. The Kondo effect could be a good signal to search a high baryon number density. To calculate the transport coefficients at quantitative level is an important problem, because they can become larger value due to the large cross section by the Kondo cloud. The competition between superconductivity and Kondo effect is also an interesting subject [10] [53]. The Kondo cloud may be closely related to the heavy hadron production in relativistic heavy ion collisions, where either of a heavy quark and a heavy antiquark would be dressed in the color singlet Kondo cloud. As one scenario, the bound state like cc would resolve, and it leads to suppression of the J/ψ yield. As another scenario, because the heavy (anti)quark accompanies the light hole (quark) in the Kondo cloud, it should affect the coalescence process for the hadronization of the heavy (anti)quark, leading to the modifications of heavy hadron yields. They are left for future studies.
